We obtain an approximate Gaussian distribution from a Poisson distribution after doing a change of variable. A new chi-square function is obtained which can be used for parameter estimations and goodness-of-fit testing when adjusting curves to histograms. Since the new distribution is approximately Gaussian we can use it even when the bin contents are small. The corresponding chi-square function can be used for curve fitting. This chi-square function is simple to implement and presents a fast convergence of the parameters to the correct value, especially for the parameters associated with the width of the fitted curve. We present a Monte Carlo comparative study of the fitting method introduced here and two other methods for three types of curves: Gaussian, Breit-Wigner and Moyal, when each bin content obeys a Poisson distribution. It is also shown that the new method and the other two converge to the same result when the number of events increases. *
Introduction
Nowadays there is an intensive experimental effort to search for new phenomena in many fields of particle physics. These signals should be rare events where one needs to treat low statistics data and non-Gaussian errors. In order to handle these data one needs special care, since all the usual Gaussian procedures and techniques are no longer valid. On the other hand, it turns out that the minimization of the chi-square functions is normally simple, relatively fast and a very familiar way of fitting data, estimating parameters and their errors so as the goodness-of-fit testing. The χ 2 of fitting a theoretical curve to experimental data in order to estimate some parameter values is to minimize the function
where f (x i , α) is a known function(model prediction) calculated at the point x i and α is a vector of the parameters one wants to obtain; n i is the measured experimental value associated with the bin located at x i and N is the number of bins in the range of interest. This method has been largely used but presents some limitations such as the assumption that each bin content must obey a Gaussian distribution of spread σ i or the measurement errors are at least almost "Gaussian". If the contents of each bin obeys a Poisson distribution some authors [1] recommend that each bin content must have at least a statistically significant number of entries n i such as that σ i ≈ √ n i , where the asymptotically limiting case for large number of measurements starts, and the square root of the variance can be considered as a good interval estimation. For values smaller than these, there are suggestions that one must use bins of variable sizes such that each bin content be greater than the statistically significant number of entries n i . The disadvantage of these suggestions is that one can lose important information about the structure of the studied distribution. There is no rule of thumb for the bin width or for the ideal number of bins in which the region of interest should be divided. There is yet another hint that the ideal case is to use bins of variable width of equal probability contents [2] . In a very interesting paper, Baker and Cousins [3] , call attention and discuss some topics such as point estimation, confidence interval estimation, goodnessof-fit testing, biased estimation, etc. when fitting curves to histograms using chi-square function.
They presented a χ 2 BC function for fitting histograms when the bin contents obey a Poisson distribution. They defined a Poisson likelihood chi-square which is given by Eq.(2) below,
This function behaves asymptotically as a chi-square distribution and then can be used for estimation and goodness-of-fit testing.
The chi-function presented in this paper has also asymptotically a behavior like the classical chi-square function, a fast convergence to the correct value, much less fluctuations when compared with χ 2 G and it works also when one has distributions with long tails where bin contents can be very low. It is of easy implementation in any minimization program.
After this introduction, we demonstrate in section 2 how one can transform a non-Gaussian pdf into an approximate Gaussian pdf. Section 3 is devoted to obtain the chi-square function for the approximate Gaussian pdf from a Poisson distribution and discuss some of its characteristics. The next section, 4, we compare with the results obtained using the Eq.(1) and Eq. (2), and the new chisquare function for different number of entries in the histograms. This comparison is made using Monte Carlo events generated according to some distributions with known parameters, as suggested by [3] and in section 5 we present the conclusions. In the appendix we obtain the equivalent chi-square expression for a binomial distribution.
Obtaining an approximate Gaussian distribution
The basic motivation is to transform, via a variable transformation, a nonGaussian probability density function(pdf) into an approximately Gaussian pdf preserving the probability even when one has small number of events [2, 4] . Let us consider a non-Gaussian pdf p(x) and one wants to obtain a transformation such that the probability is preserved Eq.(3) and that the new pdf q(z) should be approximately Gaussian:
Then q(z) can be written as
When a pdf is unimodal and obeys some regularity conditions [4] , the logarithm of it is approximately quadratic so that
wherex is the point associated to the maximum of p(x) and one can define the following quantity
On the other hand, the logarithm of a Normal pdf g(x), with meanμ and standard deviation σ, is of the form:
so that given the location parameterμ, it is completely determined by its standard deviation σ.
A comparison between Eq. (5) and Eq. (7) shows that the variance of the pdf p(x) is approximately equal to J −1 (x). Let us suppose now that z(x) is a oneto-one transformation between x and z, then using the chain rule for derivatives one gets the relation
This choice is made so as to make J(ẑ) independent ofẑ, the standard deviation equal to one and the new distribution q(z) approximately translation invariant along the z axis. Thus the metric can be obtained from the relationship obeying the above conditions
3 The Chi-square Function
As an example, let us apply the above prescription to a Poisson pdf given by
which means that after observing k events one has a pdf of the estimated mean parameter x. Now one wants to find a Gaussian like pdf through a transformation of x. The location of the p P (x) maximum is easily shown to be atx = k and the term associated to the second derivative is
Using the fact thatx = k, one obtains
Using Eq(9), the one-to-one transformation is obtained as
and the inverse transformation is
Reusing the above expression in Eq.(12) and using Eq.(4), one obtains an approximately Gaussian expression q P (z) associated to the Poisson pdf p P (x), which is
It is not difficult to show that the above expression is normalized, J(ẑ) = 1 and is translation invariant by construction. The approximate Gaussian and exact Gaussian distributions,q P (z) and g(z), respectively, are shown in Fig. 1 for different values of k (k = 0, 1, 2, 5 and 10). The worst approximation occurs at k = 0 but it gets better very fast as k increases.
This pdf q P (z) has a maximum atẑ = √ 4k + 2 which corresponds to xẑ = k + 1/2. It is interesting to note that xẑ is betweenx = k and the median of the Poisson pdf, x m ≈ k + 2/3, i.e., the maximum of p P (x) is not directly related to the maximum of q P (z) via Eq.(18) and Eq.(19).
It is not difficult either to obtain an analytical expression for the confidence intervals for roughly 68.3% of confidence level since the obtained q P (z) has a maximum atẑ = √ 4k + 2 and a standard deviation equal to unit, one gets
Taking the inverse transformation one gets the corresponding interval associated with the original Poisson pdf
The confidence level calculated according to Eq.(21)and Eq. (22) is shown in Table 1 for different values of k, and so are the probability contents of the calculated interval. One can see that these intervals overestimate the 68.27% confidence level but converge to it as k increases.
Let us suppose that one wants to fit a set of data when the contents of each bin obeys a Poisson distribution. If the contents of each bin has small numbers of events, one can no longer use as its standard deviation σ i = √ n i , since the errors are asymmetrical and consequently one can not use the least-square fit method, Eq.(1), either since it works only for Gaussian pdf. If one insists one could get large deviations for the estimated parameters as is shown in the figures of the next section. After taking the above transformation, the contents of each bin is approximately Gaussian. Using the likelihood ratio test theorem [2, 3] , one gets the following expression in terms of bin contents n i
where
which gives
which asymptotically behaves like a chi-square distribution. This expression is similar to Eq.(2) obtained by [3] . One can also derive an equivalent expression for a binomial distribution. This is shown in the appendix.
Comparing the different chi-square functions
The first two are symmetrical curves with "short" and long "tails", respectively, while the last one is an asymmetrical function with a left "short" and a right "long" tails.
The parameters {µ j } are associated to the maximum value of the distribution and {σ j } are related to the spread of the distribution, where j = G, BW, M.
One generates random points with knownμ j andσ j according to each of the above distributions and filling histograms with 100 bins, see Table 2 .
The number of entries ranges from 20 to 10 4 and for each fixed number of entries, 10 4 sets of points were generated. For each fixed number of entries we calculate the average value of the fitted parameters µ j and σ j which are the estimators ofμ j andσ j , respectively, using Eq.(1), Eq.(2) and Eq.(25) and the MERLIN optimization package [5] .
The fit was done from the first bin to the last bin content different from zero, although there could exist bins of contents equal to zero in between, except for Eq.(1) where the bins of contents equal to zero were excluded in order to avoid singularities. One also calculates the expected mean errors defined as ∆σ j = < σ j −σ j > 2 and ∆µ j = < µ j −μ j > 2 of the fitted µ j and σ j with respect to the "true" knownμ j andσ j , fixing the number of entries.
These results are summarized in Figs.2-13 in terms of the number of entries. We can see clearly that the minimization of χ 2 P shows faster or equal convergence to "true" value and smaller or equal expected mean errors as the number of entries increase than when using χ 2 BC . Both these functions are systematically much better than χ G for the convergence and expected mean errors of the parameters. For small number of entries, we can also notice that the parameters σ i are systematically overestimated for all the shown cases while µ M for the Moyal case is underestimated. All the chi-square functions here presented converge systematically to the correct value as the number of entries increase. One can observe in all figures that all three methods coincide as the number of entries increase. We can clearly see the advantage of using the chi-square function introduced here. It converges equally well or faster and has equal or smaller expected mean errors than the other two methods. Besides, Eq. (25) is also of easy implementation in optimization programs .
Conclusions
This article presented an improvement over the usual minimization of chi-square function technique for fitting functions in order to extend its applicability to low statistics data when one has asymmetrical errors. This new method is obtained through the change of variables such that one gets approximately Gaussian pdf when transforming the original pdf. The approximate Gaussian pdf is obtained associated to a Poisson pdf and a chi-square function is adapted for this new Gaussian like pdf. Monte Carlo generated events show an improvement in low statistics region, as expected, although the results converge to the "true" value as the number of events increases. This method has shown a fast convergence to the correct parameter values especially to the parameter associated to the curve spread, σ j . The proposed chi-square function is consistent since the fitted parameters converge to the true value of the parameters and their expected mean errors decreases as the number of observations increases. The results are simple and of easy use in standard optimization procedures. A similar result was obtained in the appendix for binomial distributions.
A Chi-square Function for Binomial Distribution
Let us now derive a χ 2 B for the case when each bin content obeys a binomial distribution, this is the usual case when dealing with uncorrelated normalized data. The binomial distribution p B (x), normalized with respect to x, can be written as
where x ∈ [0, 1], then
Supposing again that z(x) is a one-to-one transformation, then
Let us choose dx/dz such that
then inverting the above equation one gets
Integrating the latter expression
Then the approximately Gaussian pdf associated to the binomial pdf above is
. This function has a variance σ 2 = 1/(n + 1) which is independent of k and its maximum is located at
The approximate 68.27% confidence limits are given by the analytical expression
and after using the likelihood ratio test theorem, one obtains the chi-square function for a binomial pdf
where 0 ≤ f (x i , α) ≤ 1 are the estimated parameters. Table 2 : Distributions, their parameters and the range divided in 100 bins according to which the random numbers were generated. 
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